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Abstract. We reconsider the elliptic estimates for magnetic operators in two 
fL^ ' and three dimensions used in connection with Ginzburg-Landau theory. Fur- 

thermore we discuss the so-called blow-up technique in order to obtain optimal 
estimates in the limiting cases. 



1. Introduction 



■ In the analysis of the Ginzburg-Landau system, notably in the study of super- 

| conductors of Type II and in the parameter regime known as 'above Hc 2 \ one often 

needs to estimate the distance between the induced magnetic vector potential, A, 
and the fixed exterior magnetic potential, F, in various norms. In the literature 
such estimates are found in varying generality scattered over different publications 
(c.f. jLuPall !LuPa2l ILuPa3L ILuPa4j . [HePa] ....L 
i These estimates come in two types. 

""^ | The first set of estimates is deduced from the ellipticity of the Ginzburg-Landau 

system. In this way one obtains the desired estimates in (Sobolev) norms, W s ' p , for 
p < +oo (by imbedding theorems also estimates in Holder norms, C s ,Q , a < 1, are 
obtained). The challenge here is to get inequalities with the right dependence on 
the magnetic field strength (as opposed to the vector potential). This part of the 
analysis is valid in a large parameter regime and is essentially functional analytical. 

The second set of estimates corresponds to the cases p = oo above and uses 
the first set of estimates as input. One proves that it is possible to go to these 
limiting cases essentially without loss in the parameter measuring the magnetic 
field strength. These inequalities are asymptotic in the sense that they depend 
on a certain parameter to be sufficiently large and are valid in a much smaller 
parameter regime ('above i?c 2 ')- The proof of these estimates uses the fact that 
a natural limiting equation has no non-trivial solutions and the proof is therefore 
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much more intrinsically PDE in spirit. This technique is often called a 'blow-up 
argument' in the literature. 

Roughly the first half of this article contains the proof of the basic elliptic reg- 
ularity results for the Ginzburg-Landau system in 2 and 3-dimensions. The main 
result in 2D is stated below as Theorem 13. 1[ the corresponding 31? result is Theo- 
rem [3T3l The 2D- result is a slight improvement over the analogous Proposition 3.1 
in [LuPalj and the first motivation for writing this paper was to give a short rather 
self-contained proof of that proposition. Also the regime of validity of the estimate 
is clarified, in particular our result is true essentially without condition on the ex- 
ternal field. Hence its domain of validity covers also the region around the second 
critical field, which can be interesting (see [Pan3j ). 

As described above, these elliptic results, i.e. Theorem 13. II or [LuPall Propo- 
sition 3.1], are the basic input to control a 'blow-up' approach as in |LuPal| Sec- 
tion 4] or [HePal Section 4]. In Section [5] we describe this approach and give the 
main results, see Propositions 14.21 14.41 and 14.51 Here also we obtain slightly more 
precise versions than previous results on the subject. Such results have been used 
in particular cases, for instance in |Pan3j and [AlHej . 

This work was partially motivated by discussions with X-B. Pan and S. Serfaty 
and we thank them for the encouragement. 
Notation. 

We will use the standard Sobolev spaces W s,p . Furthermore we will use Holder 
spaces. Let us fix the definition of the norm in the Holder spaces C n,a . For a 
smooth bounded domain !], n e N, a £ (0,1), the space C n,a (fl) is the set of 
functions u having n Holder continuous derivatives in fl and such that the norm 

, . . v-^ ii n R M \d"u(x) — d^u(y)\ 

(i.i) hWc^m ■■= E ll^«IU-(n)+ J2 su p_ j — 'la > 

is finite. In the case where a — 0, the last sum is omitted. 

2. Integration by parts 

2.1. The case of dimension 2. 

We will use the following notation for the magnetic derivatives 

(2.1) T) = (D 1 ,D 2 ) = (-iV + BA). 

The magnetic Laplacian is now the operator H :— D 2 = D\ + D\. 
Proposition 2.1. 

Let f2 C K 2 be a regular bounded domain. Suppose that ip £ W 2 ' 2 {Vl) satisfies 
magnetic Neumann boundary conditions 

(2.2) v-D^\ dn =Q. 
Then 

Ell^'^lll^n) =B 2 I (curlA) 2 |Vf f \H^\ 2 dx 
j,k Jn Jn 

(2.3) +2B I (curlA)S(Di^S^)dx. 
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Remark 2.2. 

This formula appears in |LuPa2| with an additional boundary term that we are 
able to show to be zero in the case of a (magnetic) Neumann-condition. 



Proof of Proposition 12. II 
The proof consists of a tedious but elementary calculation. First we calculate 
without using the boundary condition and on functions in C°°(Q). 



\\D 3 D k ^\\ 2 L2{n) =J2®[ D i D ki> (D k D^ - iB{d,A k - 8 k A )^) dx 

j,k j,k jQ 

= V 3?{ f D^f D 3 D k D^j + [ Dk~$ Vj D k D^ da) 
jk n m 

-U{iB / (curl A)^> DiD 2 ijj - D 2 Diipdx} 
Jn 

= B 2 [ {cur\A) 2 \iP\ 2 dx + V$ f ~Dk~$D k H*pdx 
Jn k Jn 

+ ~D^P {-iB){djA k - dkAj)Dj^ dx 

+ V 5? / D k Tp Uj D k Dj%p da 

= B 2 j (curlA) 2 |i/;| 2 da;+ / \Thp\ 2 dx + 2B j (curl A) ^DiipD^jJ) dx 
Jn Jn Jn 

+ ft f {{v- 5$) + V Dtfp Uj D k D^} da. 
Jdn i,k 

We now apply the Neumann boundary condition. That makes the first boundary 
term vanish. The second boundary term we can rewrite as follows, 



with 



31 / V D k iP D k DjiP da = 0?(a + b), 

a := / D k ijj DkVjDjjida, 

b :=i y~] D k ip (d k i>j)Djip da . 
Jdn j,k 



To analyze a, b we introduce a unit vector t parallel to the boundary and define 
D T := t • D, D v :=v ■ D. 

Let us start by proving that 3?(5) vanishes. Taking the real part, we find 



(2.4) 



R(6)= l - f (D^MD^c^d, 
z Jan 



where M is the matrix with entries Mj t k = dji> k — d k i>j. It clearly suffices to prove 
that the integrand is real in order to conclude that dt(b) = 0. 
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Writing Dip = (D t ^)t + {D v ip)v and using the boundary condition, we find 
that the integrand satisfies 

(D^;MDW = \D t iP\ 2 (t;Mt) C 2, 

which is manifestly real since M, t are real. Thus 5ft(6) = 0. 

Using the Neumann boundary condition and the fact that (t, v) is an orthogonal 
basis for C 2 , we can rewrite a as 



D T ij) D T D v ij) da. 

an 

Since (the vector-field part in) D T is a derivative along the boundary, and since 
D v i\) | gn — , we find D T D v ip\ dil = 0. Thus clearly a vanishes. □ 

We now get an interesting elliptic inequality for 2D magnetic problems with 
Neumann boundary conditions. 

Lemma 2.3. 

Let fl C K 2 be a regular domain. Suppose that ip S C°°(f2) satisfies magnetic 
Neumann boundary conditions. Then for allp\,p 2 G [l,+oo] we have 

£ WDjD^fmn) < ZB 2 U\\l + 2\\nnl + 2B 2 ||curl A - l\\ 2 2pi U\\ 2 2qi 

(2.5) +2B||curlA-l|| P2 ||DV-||^ 2 , 

where qj is the conjugate exponent to pj, i.e. pj 1 + qj 1 = 1. 
Proof. 

The proof is direct using the identity in Proposition 12.11 — replacing curl A by 
(curl A — 1) + 1 — and Holder's inequality. The term i3||D-!/;||| is estimated as 

B||D^||| = B{^Hf) < B 2 U\\ 2 + \\Hil>\\l 

where the Neumann boundary condition is used to get the identity. □ 
2.2. The case of dimension 3. 

The same calculation as in the 2D case yields, using of course that ip satisfies the 
Neumann condition : 

V H-D^Vll™ = B 2 f (curl A) 2 \iP\ 2 dx + f \HiP\ 2 dx 
j,k J° J n 

(D 2 ^D^p\ 
2B I (curlA)3 D^D^ dx + m, 



(2.6) 
with 
(2.7) 



d 2 A 3 - d 3 A 2 ^ 



b := i ^kip (®kVj) Djtp da , curl A = I d 3 A\ — d\A 3 



In the 3 dimensional case we are not able to prove that b vanishes, but this boundary 
term can be controlled as follows by trace theorems. 

Since the derivatives of v are bounded we can estimate 

|b| < CIlD^l^an). 
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Notice that elementary identity 

f°° d 

K0)| 2 = -2,/ o Jt Ht)] 

for u G i/ 1 (IR + ), implies the inequality 

|u(0)| < V2 ||u|| L 2 (r+) ||m'|| L 2 (r+) . 

Implementing this inequality in a suitable set of coordinates near the boundary, one 
sees that there exists a constant C > 0, such that for all e < 1 and all / G W 1 ' 2 ^) 
we have 

ll/llL 2 (an) ^ C £ 1 1 /Hz, 2 (a) + e ll/llw 1 . 2 (n)' 

We will choose e = 1/2 and apply the resulting inequality to / = \T)tp\. Com- 
bining with (|2.6p we thereby get 



^||^-^|! 2 L2(0) <C||DV.||| 2(0) +S 2 / (curlA) 2 |^| 2 dx+ / \H^\ 2 dx 



/£> 2 y>Ag\ 

(2.8) +2B / (curlA)S LD 3 V;Di'0 

Let /? = (0,0, 1) denote the unit constant magnetic field. The 3D result analogous 



d,x 



to Lemma [2731 is the following. 
Lemma 2.4. 

Let Q C R 3 be a smooth domain with compact boundary. Then there exists a 
constant C > such that for all P\,pi G [L+ 00 ] and all ip G C°°(fl) satisfying 
magnetic Neumann conditions, we have 



< 



c{B 2 u\\l + (i + B)\\r>^\\l + \\n^\\i 

(2.9) +B 2 ||curlA-/3|| 2 pi ||^||^ 1 +S||curlA-/3|| P2 ||D^||2 92 }, 

where qj is the conjugate exponent to pj, i.e. pj 1 + qj 1 = 1. 

3. Regularity for the solutions of the Ginzburg-Landau system 

3.1. The 2D case. 

We recall that the Ginzburg-Landau functional is given by 

(3.1) sty, A] = £ K , H ty,A] = J^{Wha^>\ 2 - k 2 \4>\ 2 + y^\ 4 

+ K 2 iJ 2 |curlA- l\ 2 }dx , 

with (ib,A) G W ia (Q,;C) x W rl ' 2 (fi;R 2 ). We have introduced the notation p A for 
the operator (— iV + A). 

Let us fix the choice of (London) gauge by imposing that 

(3.2) div A = in fi , A • v = on dfl . 
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We also recall that a minimizer of the Ginzburg-Landau functional satisfies the 
Ginzburg-Landau equations. 

curPA = -^ffiip^ ~ i>Vip) + |i/-| 2 A 



(3.3a) _..., 2 ^-" A r^,;r.sir, ,.,.,*» \ » «; 



(3.3b) •SS^lTo } « «■ 

Here curl (A 1 ,A 2 ) = d Xl A 2 — d X2 A\, and 

curl 2 A = ((^(curl A), — 9^ (curl A)) . 



When discussing the Ginzburg-Landau system (|3.3[) we will always impose the 
gauge condition (|3.2p . 

For a solution of the Ginzburg-Landau system, we deduce the following stan- 
dard estimate [DGPl IGiPhj : 

(3.4) Woo<l. 

Furthermore, we let F denote the vector potential generating a constant mag- 
netic field, which more explicitly satisfies : 

(3.5) curlF = l infi, divF = in n, F ■ u\ gQ = 0. 
Theorem 3.1. 

Let fl C M 2 be a smooth, bounded domain. There exist a constant C, and, for 
any a € (0,1) and p G (l,+oo), constants C a and C p , such that, if (ip, A) is any 
solution of the Ginzburg-Landau system (|3.3[) with parameters k, H > 0, then 

(3.6) ]T WDjDrfWvM < C(l + kH + K 2 )U\\ 2 , 

(3.7) ||curl A - l|| co , a(n) < e a l±^±^||V,|| 2 ||V|U, 
and 

^ 1 _|_ K fT _|_ up- 

(3.8) ||curl A - lUvt^n) < C p + ^ WhUU ■ 
Remarks 3.2. 

• Using the W k,p -regularity of the Curl-Div system (see |AgDoNi2| 7 see 
also Tern for the case p = 2), we obtain from (|3 . 8|) the estimate 

(3.9) || A - F\\ w2 , P(n) < D p 1 + KH + K2 \\i;\\ 2 m oo . 
Hence, using the Sobolev injection Theorem, 

(3.10) ||A - F|| cl . o(n) < D a l + ^ H + - HVllallVllcc, 
for all a € [0, 1). 

• In the applications, H is of the same order as k, so (|3 . 1 0[) gives that 
(A — F) is uniformly bounded in C 1,a (f2) in this regime, for any a < 1. 

• We have in particular obtained a complete proof of the basic Proposi- 
tion 3. 1 in [LuPalj with actually an improvement of the right hand side 
and an extension of the regime of parameters (k, H) for which the estimate 
is true. 
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• When in addition, -§= > 1 + b (with b > 0), V. Bonnaillie-Noel and S. 
Fournais have given in [BonFoj a very simple proof (in comparison with 
[HePaj or |Fo He3 ) showing that for a minimizer (i/j, A) of the Ginzburg- 
Landau functional, one has for some constants Cb, Kb > 0, 

(3.11) Uh < c« _l UWoo , 

for all k > Kb- It is important to note that the proof in [BonFoj does 
not use the elliptic estimates discussed in the present paper. This is in 
contradistinction to previous derivations of inequalities like (|3.1ip (see 
[HePaj ) which use (pTTu) as an input. 

• With almost no modification we can treat the case when Ti$ = curl F is a 
regular function in fl, instead of a constant. The second equation in ([3.3P 
becomes in this case 

curl(curlA-W o ) = -2^(?V'0-V'V^) + |V'| 2 A in n. 

Proof of Theorem 13.11 
Recall the estimate (|3.4p . Furthermore, multiplying (|3.3a|) by tp, integrating and 
implementing (|3.4[) , we obtain 

(3.12) \\(-iV + kHA)^\\ 2 < k||V|| 2 • 
Using the second equation of the G-L system, we get 

(3.13) ||V(curlA - l)|| p < ^||^||oo ||(-*V + kHA)^\\ p . 

But using the property that curl A — 1 satisfies the Dirichlet condition, this implies 

(3.14) ||curlA-l|| p < -^IMU ||HV + ^A)V|| P . 

When p — 2, we can then implement the control of || (— i"V + kH A)^^ obtained in 
(|3~T2l) and get 

(3-15) ||curl A - l|| a < ^U\\oo Uh ■ 

Note also that we actually get the stronger estimate 

||curlA-l|| H i<^Woo Uh, 

but this will not be used. 

Using then (|3.13|) , (|3.14p and the Sobolev- injection Theorem, we get that for 
any a € (0, 1) there exists p — p(ct) such that 

C" 

(3.16) ||curlA - l|| co ,a ( n) < ^IIV-IUHHV + KHA)i>\\ LP(n) . 

Here all the constants depend on a. We now use the (pointwise) diamagnetic 
inequality 

(3.17) |V|x||<|(V + </tA)x|, 
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(actually applied with x = {—idh + KHAk)ip) in order to get 

C" 



QUI 

curlA- l|| C o, a( U) < —^U\\oo^\\{-id 3 + nHA^i-idk + KHA k )ii\\ 2 



rim 

(3.18) +—\\iP\\ 00 J2\\Hdk + KHA k )i>\\ 2 . 

k 

We will insert the estimates obtained above in (|2.5[) . In preparation for this, 
we estimate using (|3.12p . 

(3.19) ||curlA - l||oc||DV||| < « 2 ||curlA - l\\ c n, am ||V|||. 
Also, using (|3.15j) . we obtain 

(3-20) ||V|l2ol|curlA _ 1| | < -i^ ||Vll2o ll^lll- 

Using Lemma |2~U1 with B = kH, pi = 1 and p 2 = +oo, combined with (|3.3a[) . (|3.4[) . 
(|3~TO)1 and (|3~2TJj) we get 

WDjDrfWl^ < 3{1 + (kH) 2 + k 2 + « 4 }||V.||^ 

j,k 

(3.21) +2«; a if||curlA- l|| C o,a||^|||. 
Thus, 

Y, WDjDrfWvw <c{(1 + kH + K 2 )\\iP\\ 2 + ^H 1 ' 2 1 1 curl A - 1||^ 2 Q ||^|| 2 } . 

j,k 

Hence, there exists a constant C", such that, for all e > 0, we have 

E \\DjDk1>\\»M < C '{ 1 + f H +K2 W^ 2 + ^Ml} 

j,k 

(3.22) +e(«;i?)||curlA-l|| c o, Q . 

We insert (|3~22)) and (|3T2f in (|3~T8)) and find, for some constant C > 0, 

1 _|_ j>- P7 _|_ ^. 

(1 - CeU\U ||curlA - l|| o,„ < ^ 1Mb + Ce- 1 -!!^ 2 . 

Taking e = ^ and using (|3.15[) leads to the expected 

(3.23) 1 1 curl A - l|| c o. a < C + + HhHIU 

kH 

where the constant C is independent of k and H. 
Inserting the bound (pT23")) in (f3~22"l) yields 

(3.24) £ ll-Di^lh < C(l + K ff + k 2 )||^|| 2 . 

The proof of the last statement in Theorem I3.ll is obtained by starting again from 
the right inequality in (|3.16p , and implementing (|3.7[) . This finishes the proof of 
Theorem EHJ □ 
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3.2. The 3D case. 

In three dimensions a generalization of the Ginzburg-Landau functional which is 
often considered is 

(3.25) £l D H [^A] = j {\ PkH a^\ 2 - AM 2 + Y W*} dx 

+ k 2 H 2 [ | curl A- (3\ 2 dx , 

where [3 is the external magnetic field. We will choose [3 = (0, 0, 1) i.e. a constant 
magnetic field, but more general situations could easily be considered. Notice that 
the field integral is over R 3 instead of Q. 

We will consider the case of smooth, bounded SI. Let i/ 1 (M 3 ) denote the 
homogeneous Sobolev space, i.e. the closure of C^°(]R 3 ) under the norm u i— > 
H^llffifR 3 ) := II^ 7u IIl 2 (R 3 )- Let furthermore F denote the vector potential generating 
the constant magnetic field, F(x) — (— X2/2, Xi/2, 0). Clearly, divF = 0. Then the 
natural variational space for the functional £^ D H is (ip,A) E W 1,2 (£l) x H^ ivF , 
where 

-^div.F = { A : div A = 0, and A - F e ij^R 3 )}. 
Minimizers of £ ^. D H are weak solutions of the Euler-Lagrange equations 

(3.26a) p 2 KHA iP = k 2 (1 - |V| 2 )^ in £1 

(3.26b) curl 2 A = -^ ? 3?(# KHA ^)ln in M 3 

(3.26c) (p K HAip) ■ v = 0, on dil . 

As in the 2D case we will give estimates valid for general solutions (ip,A) 6 
M /1,2 (S1) x H^w f °f (|3 . 26[) not only for minimizers of £^ D H - As we will see be- 
low, the fact that we do not have a boundary condition for A will both be a 
simplification and a complication. The following 3D result is similar to [Pan 11 
Lemma 3.3]. 

Theorem 3.3. 

Let fl C R 3 be a smooth, bounded domain. For all a < 1/2 and all 1 < p < 6 
there exist constants C a ,C p such that for all K,H>0, and all solutions (ip, A) S 

x Hi. V)F of ism 

1 4- kH 4- K 2 

(3.27) ||A - F||^, P(n) < C p + + MovWhnn), 

1 _i_ l? TJ _L 

(3.28) ||A-F|| gl , tt(n) <C a kH MooUWmny 
Proof. 

The equations (|3.4p and (|3.I2p remain true for solutions to (|3.26[) . i.e. 

(3.29) Woo<l, 
and 

(3.30) \\(-iV + KHA)ip\\ 2 < K\\ip\\ 2 . 

We start by noticing that for vector fields a in three dimensions the norm 
Hall £rif K 3\ is equivalent to the norm ||curla||£2( R 3) + ||div a|| ^2^3) . Furthermore, by 
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the homogeneous Sobolev inequality, the H 1 norm controls the L 6 norm, i.e. there 
exists a constant 53 such that 

\\u\\ L e (m < S 3 \\Vu\\ L 2 {R3) , Vu e C^(R 3 ). 

Combining these two facts with div (A — F) = 0, we find that 

(3.31) || A - F\\ L e m < C| | curl A — /3|| L 2 (ffi3) . 

Since div (A — F) = 0, the equation (|3.26b|) can be reformulated as 

(3.32) A(A-F)=-^SR(^p reHA ^)ln in M 3 . 

Let B(0, R) be the open ball of radius R around the origin. Elliptic regularity for 
the Laplacian (see |GiTr[ Theorem 9.11]) thus implies for all p' <E [l,oo), R > 0, 
the existence of a constant C p ' (R) such that 

IIA-FHv^'^h)) < C pl (R)(\\A-F\\ Lpl(B{Q2R)) + -^W^WooWpkHA^Wlp'^))- 

In particular, for p' < 6, we can apply the estimate (|3.31[) and the compactness of 
B(0,2R) to get 

l|A— ^nw 2 -"' (b(o,r)) 

(3.33) < C;,(i?)(||curlA - 0\\ L * m + ^IMU^A^^n)), 
for all p' < 6. 

Let R be chosen so big that C B(0, R—l). Using once again elliptic regularity 
and the Sobolev imbedding theorem we find for any p £ [1, oo), 

||A - F\\ W 2, P{n) < C(\\A - F|| LP(B(0ifl)) + -^WiPWocWPkHaiPW lp((1)) 

< C(||A - F||l^2,2(B(0,R)) + -^II^HoolbKHA^IUf^)) 

< C(||curl A — /3|| L 2(R3) + -^W^WocWpkHaiPW L 2 (n) 

(3.34) + _||^|| oo ||p KHA ^|| iJ , (n) ) 
Multiplying (|3.26b[) by A — F and integrating by parts yields 

||curlA-/3||2 2(R3) = - J (A-F)^9(# KH A^)^ 

< -^IIA-Fll^^H^lloolbKJJA^lUa^ 

c 

< -7= || A - F|| L 6 (n) ||?/'||oo|b«HAV'l!L2 ( o). 

Implementing the estimates (13.31)) and (|3.30[) we obtain 

(3.35) ||curlA - /?|| i2(R3) < CH^W ^UMU^)- 
Thus (|3.34[) becomes, using again (|3.30|) . 

(3.36) ||A - F|| W2 , P(Q) < C(ff- 1 |^||oc||V'll^(n) + ^IHUb«ffAVlU*>(Q)). 
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By Sobolev imbeddings, the diamagnetic inequality and (|3.30l) . we therefore find 
for p < 6 the estimate 

||A - F\\ W 2, P{n) < C(i2"~ 1 ||V||oo||V'llL 2 (0) + ^||V'l|oo|||p K HA'0l|| w i,2 (n) ) 

(3.37) <C(F- 1 ||^|| 00 ||V|U» ( n) + ^U\\ooJ2\\ D l D ^\\L^n))■ 
We will use (|3.37[) for p = 6 and the Sobolev inequality 

(3.38) ||curlA - 0\\ L ~ m <C\\A- F|| w2 , 6(n) . 

We use Lemma 12.41 with px = 1 and p2 = +oo, and find, by implementing (|3.26a|l . 
(l3~29f . (j3~30ll and (13351) . 

< C{(1 + (k#) 2 + K 4 )||^ll! 2( o) + « 3 ^||curlA - /3|U~(o)||VII^ ( o)}- 
So (using || VII oo < 1), f° r all e > 0, 

\\DjD k iP\\ LKn) <C{(1 + (kH)+k 2 + e-^^HVlU^o) 

(3.39) +e(KiT)||curlA-/3|| i oo( Q) }. 

Choosing e sufficiently small and inserting (|3.38p and (|3.39p in (|3.37p with p = 6, 
we get 

(3.40) ||A - F\\ w *,e in) < C 1 + K ^ ^ HVllocllVlU^o)- 



Using now Sobolev imbeddings we have proved Theorem 13.31 □ 

4. Asymptotic estimates 

4.1. Nonexistence of solutions to certain partial differential equa- 
tions. 

We will use the notation F for any vector potential on R 2 or on the half-space 
R 2 + := {{xi,x 2 ) e R 2 | Xi > 0} satisfying curlF = 1. 

The natural self-adjoint extension of the differential operator (— iV + F) 2 on 
L 2 (R 2 ) is known to have spectrum, 

SpecHV + F) 2 2(R2) = {2j + 1, j G NU {0}}. 

We also consider the Neumann-realization TL of the same operator but restricted 
to the half-space R 2 ^. This is the operator (— iV + F) 2 with domain 

{VeL 2 (M 2 h )|(-iV + F) 2 V'ei 2 (R 2 h ) and v • (-iV + F)V| aR ^ = 0}. 

We define a real number Qq by 

(4.1) 6 := inf SpecH. 

The number Qq (also denoted by (3q by some authors) plays an important role in 
the analysis of the Ginzburg-Landau system (see for instance [LuPall iPiFeSt , 
HeMo2| for information on this spectral constant). Here we will only recall the 
basic property that 0q £ (0, 1). 
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In this subsection we will consider the following PDEs. 

(4.2) (-iV + F) 2 ip = Xip, on R 2 , with A < 1, 

(4.3) (-iV + F)V = \(1 - S 2 \ip\ 2 )ip, on R 2 , with < A < 1, 

(4.4) (-iV + F) 2 t/> = AV», on R+, with A < 9 , 

(4.5) (-iV + F) 2 ip = \{1 - S 2 \?p\ 2 )ip, onRl, with < A < 9 . 

The last two equations (|4.4[) . (|4. 5[) are considered with Neumann boundary con- 
dition, i.e. v ■ (— iV + F)^| a]R2 = 0. In order for this boundary condition to be 

well-defined we assume that ip G Hy Also, we assume that the parameter 

S > in ()4.3p verifies 5 7^ when A = 1, and similarly, the parameter S > in 
([PI) satisfies 5 7^ when A = O . 

Proposition 4.1. 

Let (ip,X) be a solution to one of the equations (|4.2|) . ()4.3|) . (|4.4| or (|4.5|) A 
m i/ie indicated interval and ip being globally bounded. Then ip = 0. 

Proof. We only consider the cases on M. 2 , since the other statements follow 
by the same arguments. 

Let Tt be the operator (— iV + F) 2 with the Neumann boundary condition. 
We will prove that a non-zero bounded solution to (|4.4p or (|4.5|) will provide a 
contradiction to (|4.1jl through the variational principle. 

Let ip G L°° (R^) \ {0} be a solution to 1^4) . Let x € Cg°(K), x(*) = 1 for 
|*| < 1, X(*) = fol ' 1*1 > 2 and define xr(x) = x(M/.R) for R> 1, x € R 2 + . 

Suppose first that ip G L 2 (R 2 h ). One sees that v ■ (— iV + F)(x_rV') | aR 2 = 0, so 
using (|4.4[) and integration by parts 



(4.6) (XB^H(XB^)>=A||XB^||i + ^ / |V\(.r.'/?)|-|. '(,-)|-,/,. 



+ 



Since ip G L 2 (R^_) the last term in (|4. 6|) vanishes when i? — > 00. Therefore, using 
A < 0o and the variational principle we obtain a contradiction to (|4.ip . So we 
conclude that 

(4.7) iP i L 2 (R 2 + ). 

Clearly, (|4.7|) implies that HxaV'IIl^r 2 ) ^ 00 as i? -> 00. Notice that by the 
compact support of x and the boundedness of ip we have, for some C > and all 
R>1, 



4 / |Vx(z/i?)| 2 |^)| 2 dx<C. 

R Jr 2 , 



(Here we used the fact that we study the 2-dimensional problem.) 
Thus, since A < 0o by assumption, 

(4.8) (X^,y)) = ^ 

for R sufficiently large. This is in contradiction to (|4.ip and thus ip cannot exist. 
This finishes the proof for the equation (|4.4[) . 

We now prove the non-existence of bounded solutions to (I4.5j) . Let ip G 
i°°(R^) \ {0} be a solution to (|4. 5[) and let the rest of the notation be as in 
the previous case. If A = or S = the equation (|4.5[) is the same as (|4.4[) . so we 
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may assume that < A < Oo and S > 0. Furthermore, after replacing ip by Sip we 
may assume that S = 1. 

Integrating by parts we obtain in analogy to (|4.6|) 



(xr*I>, H( X R*I>)) = MMU ~ A / Xr\W dx 

JR 2 + 

(4.9) + ~kL \VxWR)\*M*)\ 2 dx. 

Using 1(33]) in (149]) we find 



xkIV'I 4 ^ < a- 1 -^ / \V X (x/R)\ 2 \i>(x)\ 2 dx<C, 
R h- + 

uniformly in R. Thus tjj £ L 4 (M^). This we can use, as follows, to get a good 
bound on the last term in (|4.9| . 

|v x (x/i?)| 2 |^(x)| 2 ^<i3^ 2 \V X (x/R)\ 4 dx + ±^ \iP(x)\ 4 dx = o(l), 
as i? — > oo. Thus (14.91) becomes 



W, w(xflVO) = MlxRTPWt - M\4>\\i + o(i) < A||x^|| 



2- 



for R sufficiently large. Again this is a contradiction to (|4. If) and therefore implies 
that ip = 0. □ 

4.2. Asymptotic estimates. 
In this and the following subsections we will use the non-existence results from 
Subsection 14.11 to obtain improved versions of the estimates in Theorem 13.11 in a 
reduced parameter range. The application of this idea ('blow-up') to the Ginzburg- 
Landau system appeared to our knowledge first in [LuPall ILuP a2j and has since 
been used extensively since (see for instance |LuPa4l IPan4l IHePaj ). 

We consider solutions (ip,A) to (|3.3[) and satisfying the gauge condition (|3.2p . 
Recall (see (13.41) ) that any solution of (|3.3p satisfies the estimate Halloo < 1. If k/H 
is not too large, we can improve that estimate. 

Proposition 4.2. 

Let g : K+ — > R + satisfy that g{n) — » as k — > oo. Then there exists a function g 
with g{n) — > as k — > oo, such that if 

k(Q^ - g( K )) < H < k^ 1 + g( K )), 

then any solution (ip, A) Kj # of p.3| satisfies 

Woo <§(«)• 

Remark 4.3. 

The upper bound H < ^ + o(k) is natural — at least in the study of minimizers of 
the Ginzburg-Landau functional £ k ,h — for the following reason. It is known that for 
a given k there exists Hq 3 (k) such that for all H > Hc 3 (k) , the unique minimizcr 
of £ k .h is the configuration (tp,A) — (0, F) (up to change of gauge). This critical 
field H C3 (k) has been intensively studied (GiPhL ILuPall IPiFeStL IHePal IFoHe3] 
and it is known to satisfy 

h c 3 (k) = 7^- +o(k), 
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for large k (actually much more precise asymptotic expansions exist). With this 
notation it would be more natural, in the case of minimizers, to write the upper 
bound on H/k as H < Hc 3 («)■ 

Furthermore, it is known (see for instance [LuPall IFoHel] ) that Halloo does not 
tend to zero if H/k — > 9 < 80 ■ Therefore the parameter domain of Proposition 14. 21 
is optimal. 

The same type of argument as will be given in the proof of Proposition 14.21 is 
used to prove the estimates below. These are slightly improved versions of [HePal 
Prop. 4.2] and [Pan3. Lemma 7.1}. 

Proposition 4.4. 
Let < A m j n < A max . There exist constants Cq,C± such that, if 

K > Co, Amjn < K/H < A max , 

then any solution (tp, A) of (|3.3|) satisfies 
(4-10) \\p K HA^\\c(U) < CiVnHWipWoo, 

(4.11) ||curlA-l|| cl(n) <Ci 1 




(4.12) ||curlA-l|| c2(n) <Ci|Hi: 
4.3. Extraction of convergent subsequences. 

The technique of proof of the estimates in Propositions 14.21 and 14.41 is to study 
certain limiting equations. We will discuss this procedure here. 

Let {P n }n C fl be a sequence of points and let (tp n , A n ) Kn! _y n be a sequence 
of solutions to (|3.3|) with ip n ^ 0. We assume that < A m i n := liminf K n /H n , 
\imsup K n /H n =: A max < +oo. We will proceed by repeatedly extracting subse- 
quences of this original sequence. For convenience of notation we will not change 
the notation after each such extraction. As detailed below, the result of this pro- 
cedure will be that there exists a subsequence of the original sequence which (after 
rescaling and eventually a change of coordinates) converges to the solution of a 
limiting problem. 

By extracting a subsequence (still indexed by n) we may assume that P n — > 
P € ft. Similarly, we may assume that K n /H n — > A S [A m i n ,A max ]. Also denote 
S n ■— Halloo 7^ 0. We may assume that S„^Se [0, 1]. 

By (|3.9[) . {A„}„ is bounded in W 2 ' p (fl), for all p < oo. By compactness of the 
inclusion W 2,p (ft) <—* W S ' P (Q) for s < 2, we may extract a convergent subsequence 
(still denoted by A„). Furthermore, for a given a < 1, we may choose p sufficiently 
big and s sufficiently close to 2 in order to have the inclusion W s ' p (il) c — » C 1,a (£l). 
Thus we get the existence of some A S C 1,a (f2) n W S ' P (Q) such that 

A„^A in C 1 ' Q (r2)nlF s ' p (fi). 

We now identify the field generated by A. The inequality (|3 . 1 5[) holds for A„: 

||curlA„ - 1|| 2 < C— \\i> n \\aa \\ipnh > 

with a constant C independent of n (only depending on O). By passing to the limit 
(using ()3.4|) ). we find that 

(4.13) curlA = l. 
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By passing to a subsequence we may assume that we are in one of the two cases 
below. 

Case 1. 

V K n H n dist(P n , dfl) — > oo. 

Case 2. 

dist(p n ,an) < c/^K n H ni 

for some C > 0. 

Limiting equation for Case 1. 

Define, for any R > the following functions on the disc B(0, P): 



( , _ A„(P n + y/^K n H n ) - A»(P») 

a n(y) ■— , , = ; 

<p n (y) := S- 1 e- i ^ B ^ A »( p ")-»V»(i > n+»/v^^). 
Since we are in Case 1, a„, (p„ are defined on P(0, R) for all n sufficiently large. 

Define the linear function F(y) := (PA(P))y. By the convergencies P„ — > P, 
A n — > A in C 1 '"^), we find that 

a„ -> F, 



in C a (B(0,R)) for all P. By P~T3]) we obtain 

curlF = l, in K 2 . 
The equation for -0 in (|3.3a|) implies, since diva„ = 0, that 



(4.14) -A^„ - 2za n • V<^„ + |a„|V = ^(1 - ^K| 2 )^„. 

Notice that (|3.10|) implies that for all a < 1, ||a ra ||c<*(.B(o,.R)) < C a {R) for some 
C„(P) > 0. Also WG llcLVG 1 1 (p n 1 1 oo < 1. Elliptic regularity (see [GiTrl Theo- 
rem 8.32]) now implies, since jf-, S n are bounded uniformly in n, the existence of 
a constant C' a (R) > such that 

||< 1 fn|| C 2, Q ( B(0vR/2)) < C' a (R). 

Since the inclusion C 2a (B(Q, P/2)) ^ C 2 < a '(P(0, P/2)) is compact for any a' < 
a, we may for any a < 1, P > 1 extract a subsequence — denoted by {</?^} — 
having a limit in the C 2,Q (P(0, P/2)) topology. A 'diagonal sequence' argument 
now gives the existence of a subsequence {<p n } of the original sequence {f n } and a 
<p e C 2 '"(R 2 ) such that 

for all P > 0. Passing to the limit in (14. 14|1 we obtain the equation for ip: 

(4.15) HV + F)V = A(1-S 2 M 2 V. 
Limiting equation for Case 2. 

The idea in the second case is the same as before but things are complicated slightly 
by the presence of the boundary. We make a change of variables in order to find a 
model on the half-plane. 

Since we are in Case 2, P S dil. Let Q n € dft be the unique (for n sufficiently 
large) boundary point such that |P„ — Q n \ = dist(P„, dft). Let O be a (sufficiently 
small) neighborhood of P, let 7 : [—so, so] — > dfl be a smooth parametrization of 
the boundary with 7(0) = P, |7'(s)| = 1, and let v(s) be the inward normal vector 
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to dil at the point 7(s). We may assume that {7'(s), v(s)} is a positively oriented 
basis. Define the coordinate change 

$ : (-s , so) x ((Mo) -> SinO, 

by <I>(s, i) = 7(s) + tv(s). For so, to, O sufficiently small the map $ is a diffeomor- 
phism. 

Let 7„ be as 7 above, but with 7„(0) = Q n - We now define <!>„ to be the same 
construction but with 7 replaces by 7„ and so replaced by so/2. Since Q n — > P as 
rt — > 00 the image of <£>„ will contain $((— So/4, so/4) x (0, to)) when n is large. 

Define 

i) n := ip n o $„, A„ := (D$ n )*(A„ o $„), 

J„ := I detZ>* n |, M n = {M£J := [(£>$„)*(£>$„)] _1 . 

Notice that M n | = Id, and that the boundary condition • A n | = implies 
that 

Implementing this change of variables in the equation (|3.3ap for ij) n yields 

J^i-iV + K n H n A n ) ■ [j n M n (-iV + K n H n A n )$ n ] = «£(1 - \4>n\ 2 )4>n, 

e 2 ■ (-iV + n n H n A n )\j} n \ t=0 = 0. 

Let us calculate curlA„. We use the geometric fact that v' n (s) = —k n (s)Y n (s), 
where k n (s) is the curvature of the boundary at the point 7n(s). Then 

A n = = ((l-tfc„(s)) 7 „(s) • A„($„(s, £)),*/„ (s) • A„($„(s, i))). 

A direct calculation now yields 

(4.16) curlA„ := d s A n 2 - d t A^ = (1 - ifc(«))(curl A n )| $n(Si4) . 



Define y n := $~ (P n ) and z„ := \J K n H n y n . Since we are in Case 2, {z re } is 
bounded and we may assume that z n — > z G Ri. 

We proceed to rescale as before. Define, with £ = (a, r), 



/>.x A n {(/y/K n H n ) - A n (0) . , — — 

a«(C) := , 1 TT , Jn(Q ■= Jn(C/V K n H n ), 



<Pn(0 •■= 5- 1 e- tV7 ^ A "(° K ^(C/y^n), rn n (Q := M n ((/^K n H n ). 
We denote the components of a„, m n in the natural way, i.e. a„ = (a™, aj), TO « = 
{ m jfe}ffc=i- Remember also the relations 

"^"Ir^O^ 7 ^ e 2' a »| T=0 = - 

We get the resulting equation for the scaled function (p n 

(4.17) Jn'HV + an) • [i„m n (-iV + a n )^„] = ^-(1 - ^|^„| 2 )^, 
e 2 • (-iV + a„)y n | t=0 = 0. 

By (|3.9p {A„} and therefore {A„} are bounded in W 2,p , Vp < 00. Thus {a„} 
is bounded in W 1,p (.B(0, i?)nR+) for all R> 0. We will below use standard results 
on elliptic regularity to conclude that 

(4.18) {(f n } n is bounded in W 2 ' p (B(0, R) n R+) for all R > 0. 
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To prove 14. 18|) we rewrite the equation for <p n as follows. 
(4.19) -div (m„V(p„) + b„ • Vip n + c n ip n = f n , 

with 

and with the standard Neumann boundary condition 62 • V(/? n | „ = 0. Here {f n } 
is uniformly bounded in L p (B(0, R)nR+) (for all R > 0) since ||y n ||oo < 1, and the 
coefficients b„,c„ are uniformly bounded in W^ P (B(Q, R) nR%) <-> L oo (B{0 1 R)n 

In order to remove the boundary condition we extend by reflection. We denote 
extended functions by a superscript tilde. These functions will be defined by the 
fact that they are extensions of the original functions and that they are even or odd 
under the symmetry (cr, r) > (cr, — r). Those symmetry properties are as follows 

fin , m™ ! , m^, &i , On , / are even, 
to™ 2 , TO2 1, &2 are 0< id. 

Since m n | r _ = Id, the matrix m n thus defined is continuous and (p n satisfies the 
extended version of (|4. 19|) (with symbols having a superscript tilde). Clearly the 
bounded properties of b„,c n imply that b n ,c n are bounded in L°°(B(0, R)) for 
all R. We can now apply the 'interior' estimates |GiTr[ Theorem 9.11] to this 
extended equation and conclude that 

\\ ( Pn\\w 2 -P(B(0,R)DR 2 + ) < \\<Pn\\w 2 'P(B(0,R) 

< C(\\<Pn\\LP(B(0,2R) + ||/||i>(B(0,2H)) 

(4-20) < C"(||^„|| £P ( B ( 0: 2fl)nK^ + ll/llip(B(o : 2i?.)nR^)- 

Using that ||y n ||oo < 1 in order to get a uniform bound to || || iP( J B(o,2_R)nR 2 ) we 
have therefore proved ()4.18|) . 

With (|4.18|) established, we can proceed essentially as in the Case 1. Let 
a < 1 and let s < 2, p < 00 be chosen such that W s ' p (B(0, R) n M.%) ^ 
C 1:Ot (B(0,R) nR^). A diagonal sequence argument, as for Case 1, gives the ex- 
istence of (p € W / iof(R+) H C 1 ' a (M.'^_) such that (eventually after extraction of a 
subsequence) 

lim IK-y|l cl , a ( B(WR2+) =0, 

for all i? > 0. Furthermore, since ||y n ||oo < 1 for ah the same inequality is true 
for ip. 

Passing to the limit in (|4. 17|) we obtain the equation for tp, 

(4.21) (-»V + P)V = A(1-S 2 M>, 

e2'HV + %| t=0 =0. 

Here we used f|4. 16[) to conclude that the limiting vector field — which we denote by 
F — satisfies curlF = 1, so the notation is consistent. 
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4.4. Proofs of Proposition 14.21 and Proposition 14711 

Proof of Proposition 14.21 
The proof goes by contradiction. If Proposition 14.21 is false then there exist eo > 
and a sequence (ip n , A n ) Kni H„ of solutions to (|3 .3(1 such that (Qq 1 — g(n n )) < 
H n /n n < (9q 1 + g{n n )), n n -> oo and 

HV'nlloo > eo- 

Choose P n € ft such that Halloo = \ipn(P n )\- We now proceed to extract sub- 
sequences as described above. We may assume that either Case 1 or Case 2 is 
satisfied. In Case 1, we find the limiting equation (|4.15|) with A = 0o and S > eo. 
Proposition [47J] implies, since ©o < 1, that ip = 0. However, by assumption 



(4.22) |^(0)| = lim |0 n (O)| = lim = 1. 

This is a contradiction, so we conclude that Case 1 cannot occur. 

Since Case 1 cannot occur we necessarily find that Case 2 occurs. Thus the 
limiting equation becomes (|4.2ip with A = 0o, S > eo- By Proposition l4.fi <p = 0, 
but 

\<p{z)\ = lim \<p n (z n )\ = lim = i. 

n-KX> n->oo \\lpnWoo 

Thus Case 2 is also impossible and we conclude that Proposition ^. 2l is satisfied. □ 



Actually, using that the parameter regime in (|4. 3[) is larger than for the half- 
plane case (|4.5[) we realize that the above proof actually also implies the following 
result of independent interest. 

Proposition 4.5. 

Let eo, ei > be such that < So — ei < I — eo. Then there exist kq,C > such 
that if (ip,A.) K u is a solution to (|3.3p with ip =/= Q, 

k > K a , O — €\ < k/H < 1 — eo, 

and P € Q is such that \tp(P)\ = Halloo, then 

dist(P,<9f2) < ( 



/kH 

Proof of Proposition 14.41 
Proof of 1(430]) . 

Suppose (I4.I0|) is wrong. Then there exists a sequence (tp n , A n ) Knt H n of solutions 
to (|3.3p . and a corresponding sequence of points {P n } C f2 such that 

\PK n H n A n i>n(Pn)\ 

y^=^= > OO. 

V^rJIn\\">Pn\\ oo 

After extracting subsequences as before we find (along the converging subsequence) 

\p Kn H n A n 1pn(Pn)\ ^ , 

llm I TTW I Ti = K~ ZV ~ F M Z )I < °°> 



where z — in Case I and z = linin^oo \/K n H n ^ n 1 (P n ) in Case 2. This yields a 
contradiction, so we conclude that (14.1 Op is correct. 

Proof of (|4~TTj) . 
This inequality is a consequence of (|4.f Op . Remember that 

curl 2 A := (ft^curl A, — c^curl A). 
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Thus, by the Ginzburg-Landau equation (|3.3aj) and (|4.10p 

(4.23) HVcurlAHoo = Hcurl^lU = 4fIWPkW}||oo < C-I=||V||L 

This is (|4.11| for the derivatives. 

Furthermore, since curl A — 1 = on dQ and f2 is bounded we get 

1 



| curl A - l||oo < C-=U\ 
V kH 



2 
oo ' 



from (|4.23p by integration. This finishes the proof of (|4.1ip . 
Proof of ([4~12|1 . 

The proof of this inequality follows the same idea as the proof of the pair of in- 
equalities (|4.10p - (|4.1ip . One needs to take one extra derivative. We refer the reader 
to jHePaj for details. □ 
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